WHY SO MUCH STABILITY? A FUZZY SET
THEORY RESPONSE

1. Cycling in Spatial Models

William H. Riker (1980) noted that spatial models predicated on rational choice
assumptions predict that political life should be rife with cycling (Arrow 1951,
Black 1958, Buchanan and Tullock 1962). He based the observation on theoretical
research demonstrating the instability of political outcomes decided by majority
decision in two-dimensional space, the most important of which was McKelvey’s
(1976, 1979) discovery that in the absence of highly restrictive conditions on the
location of ideal points (Plott’s [1967] radial symmetry) a core does not exist under
sincere voting. The core, which henceforth we will refer to as a maximal set under
majority rule, comprises a mathematically stable set of outcomes. No alternative
outside or within this set is strictly preferred by a majority to any alternative in
the set; and majorities are indifferent in a choice between alternatives in the set.!
In the absence of a majority rule maximal set, the best that can be achieved is the
prediction of a top cycle set, a set of alternatives that defeat all other alternatives
outside the set, but each of which can be defeated by some alternative in the set
itself. As McKelvey (1976) demonstrated, the top cycle set encompasses the entire
policy space in the absence of radial symmetry (Plott, 1967, Enelow and Hinich,

1983). Essentially, spatial models predict that any outcome in two-dimensional



space is possible under majority rule and sincere voting.

In response to Riker, Gordon Tullock (1981) observed the dearth of empirical
evidence of cycling and asked why there was so much stability. Subsequent re-
search largely has gone in two directions in an effort to find a better fit between
the predictions made by spatial models and empirical reality. The first focuses
on the uncovered set. Its advocates note that McKelvey’s argument rests on the
assumption that political actors are myopic, voting sincerely in each successive
round without regard for past or future votes. Under an assumption of strategic
voting, spatial models predict that an outcome will fall somewhere in a smaller
region of the policy space, the uncovered set (McKelvey, 1986, Miller, 1980, Miller,
2007, Shepsle and Weingast, 1984). Unfortunately, the location, size, and shape
of the uncovered set are often not intuitive and can be very difficult to determine.
Recent software developments, such as CyberSenate (see Miller, 2007), have done
much to reduce the complexity of the calculations, but Euclidean preferences and
equality of dimensional salience must be assumed. Furthermore, there are several
different formal definitions of the uncovered set, which can yield different results
if political actors are indifferent over any subset of the alternatives (Bordes, Le
Breton, and Salles, 1992, Penn, 2006).

The second direction that research has taken, the structurally induced equi-
librium approach, focuses on identifying institutional designs that assure stable

political outcomes by reducing the set of alternatives in the choice set. Some



scholars have also argued that political actors purposely reduce the choice set
(Guerdjikova and Zimper, 2008). While more elegant than the uncovered set, the
approach is burdened by the requirement for a substantial number of restrictive
assumptions. Among the seminal works in this vein is that of Kenneth Shepsle
(1979) who argues that stable legislative outcomes result from committee systems
that induce dimension-by-dimension consideration of bills. Laver and Shepsle
(1996) later applied the same principle to the cabinet formation process in parlia-
mentary government. Their model predicts a majority preferred cabinet at the
intersection of the medians on the salient policy dimensions. Its ability to do
so is dependent on several assumptions, to include issue separability, Euclidean
preferences, and abdication. The latter is the assumption that the allocation of a
government ministry to a party involves the surrender of control over policy under
the jurisdiction of that ministry on the part of other parties to a coalition gov-
ernment. The abdication assumption has come under particular criticism from
empiricists (see for example, Warwick, 1999).

More recently, a third approach has emerged focusing on the effect of preference
indifference on the existence of a majority rule maximal set. Several studies have
found that the probability of a majority rule maximal set increases when the strict
preference relationship is relaxed to permit indifference over alternatives (Tovey,
1991, Skog, 1994, Gehrlein and Fabrice, 2001, Balke, Guntzer and Siberski, 2006,

Ehlers and Barbera, 2007). Much of this research makes use of Tovey’s (1991)



concept of an epsilon-core (e—core), a threshold distance in Euclidean space that
must be exceeded before players distinguish between alternatives (see Koehler,
2001, Brauninger, 2007). Unless an alternative lies outside of the region defined
by the e—core, a player is indifferent between it and the core’s center. Actors are
essentially indifferent to alternatives in close proximity.

We contribute a fuzzy set theoretic approach to the emerging literature on the
effect of indifference on the existence of a majority rule maximal set. We fol-
low the lead of Clark, Larson, Mordeson, Potter, and Wierman (2008) and adopt
discrete fuzzy numbers to represent the preferences of political actors. This not
only permits us to model a substantial degree of indifference, but in contrast to
the e—core concept we can do more than thicken the line that defines a player’s
win-circle. Instead, we can model uniform indifference over a fixed and discrete
region of the policy space. Furthermore, the approach requires neither burden-
some assumptions nor complex calculations. Moreover, it can deal with irregular
shaped preferences, and it does so in a less cumbersome manner than other math-
ematical approaches. If spatial models are to be tested empirically, they will need
to be able to accommodate any shape imposed upon them by estimates derived
from data sets. As yet, no convention has emerged on how best to estimate prefer-
ences, but judging by the efforts to do so using Nominate (see for example Bianco,
Jeliazkov, and Sened, 2004) and the Comparative Manifesto Project (see Laver,

2001), preferences are likely to take any number of shapes. The oddity of those



shapes is far likelier in the case of collective institutions.

Previous work has demonstrated that fuzzy spatial models can predict a ma-
jority rule maximal set when conventional crisp models would not (Clark, Larson,
Mordeson, Potter, and Wierman, 2008). In what follows, we consider how well
behaved fuzzy models are. We offer a formal proof that in all but a limited number
of cases two-dimensional fuzzy set spatial models result in an empty maximal set
if and only if the Pareto set contains a union of cycles (Theorem 2.2). Moreover,
we demonstrate that these same models result in a nonempty maximal set if the
Pareto set does not contain a cycle (Theorem 2.3). We conclude by completely
characterizing the elements that constitute the exception for a three-person game
(Theorem 3.1) based on the general definition for n players provided in Theorem
2.2. Our theorems rely on a general theory in which a region of interest is mapped
to a region with a suitable and natural partial ordering. The partial ordering plays
a significant role in the determination of the results. The mapping involved then
transfers the results faithfully back to the original region of interest. The formal
proof of this transfer appears in the appendix. Since the approach is done in gen-
eral, the ideas developed can be applied to other types of problems. The results

have connections to other areas in mathematics.



2. Fuzzy Spatial Modeling

The fuzzy set approach to spatial models assumes that political actors are am-
biguous concerning their policy preferences. Individual actors have preferences
over all alternatives, each of which is assigned a value over the interval [0, 1] indi-
cating the degree to which she considers it an ideal policy position. In essence, the
policy space is partitioned into a finite number of regions within which a player is
indifferent among alternatives.

Formally, each element = of the universe X in a fuzzy set F has a degree of
membership, ﬁ(:z:), that is specified by a function F from X into the closed interval
[0,1]. The set of ideal policy preferences for the actor are assigned the value 1
(full membership in the set of ideal policies), and those that are “not ideal” to any
degree are assigned the value 0 (no membership in the set of ideal policies).

All remaining policies are scored on the degree to which they come close to
being ideal. The conventional approach, which results in instability, requires
us to assume that actors can make infinitely fine grained distinctions between
alternatives. A fuzzy approach invites us to consider granularity, the precision
with which players can distinguish between groups of alternatives. The lesser the
degree to which players can discern between alternatives, the fewer the number
of groups into which they categorize alternatives and the greater the degree of

indifference. Thus, the fuzzy approach not only models preferences with “a plateau



on top” (Black, 1958); but it deals with flat spaces (indifference) at multiple levels
of a player’s preference curve, the number of those levels being determined by the
granularity.

Without loss of generality, we employ a relatively coarse granularity that has
an intiutive appeal, similar to that of a Likert scale. Those alternatives considered
almost ideal by political actors are assigned a fuzzy preference score of .75 (three-
fourths membership in the set of ideal policies), those considered “neither ideal
nor not ideal” are scored .50 (one-half membership in the set of ideal policies), and
those “less ideal than ideal” are scored .25 (one-quarter membership in the set of
ideal policies).

We are essentially using discrete fuzzy numbers to model indifference resulting
from ambiguity over preferences at different levels of set inclusion, or a—levels.
All points at any given a—level (an a—slice) are equally preferred to one another.
The subset of elements whose set membership grade is exactly a comprises an
alpha-slice. An a—slice of a fuzzy set F is the set of all elements that have a
membership grade of a, F, = {z|F(z) = a}. Moreover, no restriction is artificially
placed on the shape of players’ preferences. The Euclidean distance assumption
imposes a circular (or minimally an elliptical) shape on players’ preference. The
fuzzy approach can even accomodate concave shaped preferences.

Clark, et.al. (2008) use these fuzzy concepts to map the preferences of political

actors in order to predict the outcome of majority rule choices in spatial models.



Suppose that the preferences of three political actors N = {A, B,C} are arrayed
as shown in Figure 1. The policy preferences of the three players are mapped
at @« = 1,.75, and .50 in two-dimensional policy space. The inner-most ellipse
is the a = 1 level for each player. The complete set of fuzzy alternatives are
numbered and their corresponding three-tuple alpha-levels (A(z), B(X),C(x)),
the intersection of the alpha-levels for the three players, noted in parentheses.
The set of options that are majority preferred (the winset) to each numbered
alternative are noted in brackets. The set of undominated alternatives, whose
winsets are empty, are in the maximal set and highlighted in gray in the figure.
There are four alternatives in the maximal set circumscribed by this area: one
uniting players B and C with a three-tuple of (0,1,.50) and three alternatives

uniting one all three parties with three-tuples of (.75,.75,.50), (.50, 1,.50), and

(.50, .75, .50).

3. Conditions under which Cycling Occurs in Fuzzy Spatial Models

While the foregoing example results in the prediction of a maximal set, such
is not always the case. Figure 2 maps the fuzzy points at a = 1,.75,.50, and
.25 for three players A, B, and C. As before, we have labeled the three-tuple for
each fuzzy point in the set of alternatives and identified the respective winsets in
brackets. In this case, there is no maximal set. All points are majority preferred

by at least one other point. However, alternatives 4,16, and 27 comprise an



Political Actors

PointlD__ Three-Tuple _ Winset

1 (050500}  (6,7,6,10.17,22,25,29]

2 {0507500) [6,7,22,25]

3 {051000) [22,25]

4 {00,1000)  [6,22 24,2526 29]

5 {00,07500) [3672224,252620)

& {051005) [0]

7 X 21

8 5,05)  [3,6]

9 {00,0500) [2367.8 10,1722 2425,25,29]
10 {00,075,075) [3.6]

11 {00,050 [2.3.6,10,17,22,29]

12 {00,05075) [2.36,17,22,29)

13 {00,00,075) (12,36, 14,16,17,21,22,25,26,29]
14 {00,0510) [23,617,22.29

15 (00,0010}  [1,2.36,1617.21,22,25,26,29]
1 75,08, (6.7.5,10,22,29]

17 {075,075,00} (6.7

18 {075,00,00) [6.7.8,10,11,12,14,21,22,25,26,26,29
19 {0500,00) (67,8 10,1112 1416, 17, 21, 22, 25, 26,28,29]
20 {10,00,00) (6,78 10,11, 12, 1422, 25 26.28,29]
2 05, 6.7.8,10,22.29

23 {00,00,00) = [1,23,6,7,810, 11,12 14, 16,17, 21,22, 24,25,26,28,20)
24 {050005)  [10,12,14,16,17,21,22,25]

2 {050505) [10,17,22)

27 {00,0005) (1,236, 10,12 14,16,17,21,22,25,26,29]
28 {00,0505) [23610,17,22,29]

2% 05) 1

Figure 1: A Maximal Set in a Fuzzy Spatial Model
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externally stable cycle. Alternative 4 is majority preferred to alternative 16, which
is majority preferred to alternative 27, which is majority preferred to alternative
4. No alternative outside of this set is majority preferred to any alternative within
it, and all alternatives outside of it are majority preferred by at least one point
within it.

Hence, while the cycling problem appears to be substantially reduced in scope,
the question of the extent to which the problem persists in fuzzy spatial models
remains open. In what follows, we present a mathematical theorem that defines
the conditions under which a fuzzy two-dimensional spatial model will produce
a maximal set. The theorem makes it clear that it is not the shape of players’
preferences that matters. For instance, the preferences in Figure 1 are convex
while those in Figure 2 are non-convex. In fact, convex elllipses might result
in an empty maximal set; and non-convex preferences can result in a maximal
set. What is important are the intersections of the players’ preferences. If the
preferences for all three players intersect at relatively high a—levels or at a—Ilevel
= 1 (the ideal region of alternatives) for any two of them, a maximal set always
exists. Furthermore, our theorem demonstrates that fuzzy spatial models can
map any geometric shape representing the preferences of players to a region with
suitable and natural partial ordering. The results can be transferred faithfully
back to the original spatial model. The formal proof of this transfer appears in

the appendix. We summarize the conclusions in the final section of this paper.



Political Actors
B C

PointiD___ Three-Tuple
{00,025 007

{00,00,075}  {4,5 14,17,18,19,20]
00,10} 7, 18, 12,20

{0.5.00,0.25)  [10,12,14,20]
{0.0,0.0, 0.0} 4,8,7,6,6,10, 12, 14, 17, 16, 19, 20, 23, 24, 26, 28, 20, 1)
{0.25,0.0,00)  [7.8.9,10,12, 14,19, 20, 23, 24, 26 }
{0.25,00,025} [10,12,14,19,20]
{0.25,0.0,058} (12 14,1920

075} [14.19,20]

Figure 2: An Empty Maximal Set in a Fuzzy Spatial Model
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3.1. Some Fundamentals

Let N denote the set of players and X denote a nonempty set of alternatives.
We assume that X is a subset of a universe U of interest. In order to represent
discrete fuzzy numbers of the type that we geometrically depicted in the previous
discussion, we will let T' = {0, .25, .5,.75, 1} in our application. The results derived
here are for arbitrary finite T C [0, 1] with 0,1 € T and with U arbitrary. Later
in this paper we demonstrate our results by applying them to the case U = T°.
We will be interested in fuzzy subsets of X with images from 7. Let R™ denote the
nonnegative real numbers and let R*2 denote the set of ordered pairs R* x RT. Of
primary interest to us in our application and subsequent demonstration are fuzzy
subsets in C = { X : R*2 — T|0,1 € Im(X), X' is the interior and boundary of a
simple closed curve V¢ € T\{0}}, where Im(X) denotes the image of X. A simple
closed curve is a curve for which there is a one-to-one open continuous function
of the unit circle onto it. A simple closed curve has an interior that is bounded
and an exterior. For notation, we use V to denote maximum, \ to denote set
difference, and | | to denote the number of elements in a set.

We also have a particular interest in those fuzzy subsets X in C for which X!
is a convex and compact set V¢ € T\{0}. Intuitively, a convex set is one for which
the line segment joining any two points of the set lies in the set. A compact set
is one that is closed and bounded.

Let R denote the set of all binary relations on U that are reflexive, complete,
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and transitive. Let R; € R, ¢ € N. Then 2P,y < zR;y and not yR;x. In such
case, we say that x is strictly preferred to y by player i.

Let R" = {p|lp = (Ry,...,R,),R; € R,i=1,...,n}, where |[N| = n. Let < be a
partial order on U. The < relation is a relative unanimity partial ordering, where
zUy < zR;y Vi € N and xP;y for some ¢ € N. We assume in subsequent
sections of this paper that < satisfies the following properties:

(1) Va,y € U,z < y implies Vi € N, yR;x;

(2) Va,y,z € U,Vi € N,z < y and zR;z implies yR;z;

(3) Va,y,z € U,Vi € N,z <y and zP;z implies yP; z;

(4) Va,y € U,z < y implies 3i € N such that yP;x;

(5) Va,y,z € U,Vi € N,z < y and zR;y implies zR;x;

(6) Vz,y € U,z and y incomparable under < and 3¢ € N such that x P,y implies

3dj € N such that yP;z.
Let p € R™. Let f be an aggregation rule.

Definition 1.1. Define simple majority rule as follows. V(z,y) € X, (z,y) €
f(p) if and only if [{i € N|zR;y}| > 5.

Then (z,y) € f(p) and not (y,z) € f(p) & |{i € N|zRy}| > & and {i €
NlyRiz}| < 5 < [{i € NlzPy}| > 3.

Definition 1.2. Define the binary relation R on X by Vz,y € X, (z,y) € R

if and only if |{i € N|zR;y}| > n/2. Define P C X x X by Va,y € X, (z,y) € P
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if and only if (z,y) € R and (y,z) ¢ R. Let R(z,y;p) = {i € N|zR;y} and

P(z,y; p) = {i € N|zPy}.

Proposition 1.1. Let z,y € X. Then (z,y) € P if and only if |P(z,y; p)| >
n/2.
Proof. ©Py < xRy and not yRx < |{i € N|zR;y}| > n/2 and |{j € N|yR;z}| <
n/2. Since each R; is complete, R is complete. Hence xPy < |{i € N|zP,y}| > n/2

by a simple counting procedure. Thus 2Py < |P(z,y; p)| > n/2. m

Definition 1.1. (Austen-Smith and Banks, 2005, p. 7) Define the Pareto

set at R, PSy(R), to be the set

PSN(R) ={xz € X|Vy € X(Ji € N,yPx = 3j € N,zP;y)}.

An alternative z is in the Pareto set if whenever a player strictly prefers an
alternative w to z, then there is a player who strictly prefers x to w. Any effort
by the group to choose other than an alternative in the Pareto set will leave at
least one player worse off. Note that the Pareto set is not determined by majority

rule but rather by unanimity.

3.2.  The Existence of a Maximal Set

If we are to avoid cycling, then under majority rules, our models must predict

a maximal set. Let N denote a set of players and A denote an arbitrary set of
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interest. We consider A a set of alternatives. Our goal is to characterize the
maximal set in A with respect to a binary relation Rin A. We first characterize
the maximal set for a set of alternatives X in a universe U for which there is a
special function f* of A onto X such that the results determined in X can be
carried back to corresponding results in A. We first characterize the maximal set
in X with respect to a relation R such that f*(ﬁ) = R. In the appendix we prove
that the characterized maximal set in X characterizes the maximal set in A.

Definition 2.1. (Austen-Smith and Banks, 1999, p. 3) Let M (R, X) = {x €
X|zRyYy € X}. Then M (R, X) is called the maximal set of R.

We demonstrated earlier in this paper that a maximal set does not always
exist in fuzzy spatial models. In what follows, we characterize the conditions
under which that is the case. Our analysis begins with the Pareto set. As we
will demonstrate, the characteristics of the elements in the Pareto set determine
whether a maximal exists in fuzzy spatial models.

Definition 2.2. Ly = {z € X|fly € X,» < y}. An element of Lg is called
a largest element of X with respect to <. (Mathematics refers to an element
in Lg, which in defined in terms of <, as a maximal element. We use “largest
element” to avoid confusion with the elements comprising the maximal set given in
Definition 2.1.) The following result shows the relationship of the set of maximal
elements to the Pareto set.

Proposition 2.1. Lr = PSy(R).
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Proof. Suppose x € Lg. Let y € X. Suppose 3i € N such that yP;z. Now there
does not exist y € X such that x < y. Thus Vy € X, either y < x or x and y are
not comparable. Since yP;x,y < x is impossible else xR;yVi € N by (1). Hence x
and y are incomparable under < . Thus 35 € N such that xP;y by property (6).
Hence = € PSy(R). Thus Lg C PSn(R).

Suppose x € PSy(R). Suppose there exists y € X such that z < y. Then
Ji € N such that yPz. Since € PSy(R), there exists j € N such that zP;y.

Thus x < y is impossible. Hence x € Lg. Therefore PSy(R) C Lr. ®

Corollary 2.1. Let z € X.
(1) Suppose Yy € X,z < y implies ¢ = y. Then x € PSy(R).
(2) If © ¢ PSn(R), then there exists y € PSy(R) such that z < y.
Proof. (1) Clearly « € Lg, but L = PSy(R).
(2) Since © ¢ PSn(R),z ¢ Lg. Thus there exists y € X such that < y. Let

y be the largest such element. Then y € Lr = PSy(R). =

Definition 2.3. Define () : P(U) — P(U) by VS € P(U),(S) ={z € U|3s €

S,z < s}.

Proposition 2.2. Let () : P(U) — P(U) be defined as above. Then the
following conditions hold.
(1) VS e P(U),S < (5);

(2) VSl,SQ € P(U),Sl C Sy implies <Sl> - <SQ>;
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(3) VS e P(U),(S) = ((5));

(4) VS € P(U), (S) = Uses({s});

5) VS e P(U),Ve,y € X,z € (SU{y}) and = ¢ (S) implies = € ({y}).
Proof. (1) Let s € S. Then s < s and so s € (S). Thus S C (5).

(2) Let = € (S1). Then there exists s € S7 such that < s. Since s € S,z €
(S2).

(3) By (1), (S) C ((5)). Let & € ({(S)). Then there exists y € (S) such that
© < y. There exists s € S such that y < s. Since < is transitive, < s. Thus
x € (S). Hence ((S)) C (S).

(4) For all s € S, ({s}) C (S) by (2). Thus Uses{{s}) C (S). Let = € (S). Then
there exists s € S such that x < s. Thus z € ({s}) and so x € Uses({s}). Hence
(S) C Uses({s})-

(5) Suppose z € (SU{y}) and x ¢ (S). Then there does not exist s € S such

that z < s. Hence x < y. Thus z € ({y}). m

The function () is similar to that used to obtain structure results for (fuzzy) di-
rected graphs, (fuzzy) finite state machines, and approximation spaces (Mordeson
and Nair, 1996, Kuroki and Mordeson, 1997a, 1997b, Mordeson, 1999, Malik and
Mordeson 2002). It may be possible to apply these structure results to PSy(R).

The following result is the gateway to our main conclusion. The result is
critical in a series of lemmas that lead to our main conclusion (Theorem 2.2).

Theorem 2.1. (X) = (PSN(R)).
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Proof. Clearly, PSy(R) C X. Thus (PSy(R)) C (X). Let € X. If z ¢
(PSn(R)), then « ¢ PSy(R) and so by (2) of Corollary 1.7, there exists y €
PSy(R) such that z < y. Thus z € ({y}) C (PSn(R)). Hence X C (PSn(R))

and so (X) C (PSy(R)). m

The following lemma shows that if a maximal set exists, then at least one
element of the maximal set is in the Pareto set.

Lemma 2.1. M(R,X)N PSy(R) =0 if and only if M(R, X) = 0.
Proof. Suppose M (R, X) # 0. Let x € M (R, X). By Theorem 1.10, there exists
y € PSNy(R) such that y > . Since z € M (R, X), xRz for all z € X by property
(3). Since y > z,yRz for all z € X. Thus y € M(R, X). Hence M(R,X) N

PSn(R)#0. m

The next lemma shows that an element in the Pareto set is in the maximal
set of R if and only if it is not strictly preferred to (by majority rule) by another
element in the Pareto set. Hence, the search for an element strictly preferred to
another can be confined to the Pareto set.

Lemma 2.2. Let s € PSy(R). Then there does not exist ¢ € PSy(R) such
that c¢Ps if and only if s € M(R, X).

Proof. Since R is complete and not ¢Ps for all ¢ € PSy(R), it follows that sRc
for all ¢ € PSny(R). Let « € X. By Theorem 2.1, there exists ¢ € PSy(R) such

that ¢ > 2. Thus sRx by property (5). Hence s € M(R,X). The converse is
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immediate. m

The next lemma establishes that if an element in the Pareto set can be majority
defeated by any other element in X, it can be defeated by at least one element in
the Pareto set.

Lemma 2.3. (1) Let s € PSy(R). If there exists € X such that zPs, then
there exists ¢ € PSy(R) such that cPs.

(2) M(R,X) = 0 if and only ifVs € PSy(R), there exists ¢ € PSy(R) such
that cPs.
Proof. (1) By Theorem 2.1, there exists ¢ € PSy(R) such that ¢ > z. Hence cPs
by property (3).

(2) Suppose M (R, X) = ). Then the result holds by Lemma 1.12. Conversely,
suppose M(R,X) # 0. By Lemma 1.11, M(R,X) N PSyx(R) # 0 and so there
exists s € M(R, X) N PSn(R). Hence there does not exist ¢ € PSy(R) such that

cPs. m

We can now state our main conclusion, which lays out the conditions under
which a maximal set is empty in fuzzy spatial models.

Let V = {v € U|vis not in a cycle}. Let N; = V\Na, where Ny = {w € V|VR €
R,w € PSy(R) = M(R,X) # 0}. Let My = {w € VIVR € R",w ¢ PSy(R)}.
Assume M; C Nj. Let N{ = N1\ M;. Suppose Ny is such that none of its elements

are strictly preferred to one of U\V.
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Theorem 2.2. M(R,X) = 0 if and only if PSy(R) = (Up_,Cy,) U (UjL,C}) U
Ny, where N{' C Nj, Cy are cycles, k = 1,...,n, C} subsets of cycles which are not
themselves cycles, j = 1,...,m, and

(1) Vs € UJL, O}, there exists ¢ € (Up_;Cx) U (UTL,CY) such that cPs,

(2)Vs € Ny’ there exists ¢ € (Uy_,C) U (UjL,C}) such that cPs.

Proof. It follows that PSy(R) C (Up_,Ck) U (UjL;C}) U V. Since no element of
My can be in PSy(R), PSy(R) C (Up_,Cy) U (UTL,C%) U (N1\M7) U Na. Hence
it follows that PSy(R) = (Up_,Ck) U (UJL;C}) U Ni' U N3 for certain cycles
Ci,k=1,..n, C’j‘ subsets of cycles which are not themselves cycles, j = 1,...,m,
and for some Ny’ C Ny, and Nj C Ns.

Suppose M (R, X) = (). Since NoNP Sy (R) # () implies M (R, X) # 0, PSy(R) =
(Up—1Ck) U (UTL C%) U NY, i e, Ny = 0. Since no element of N;\M; is pre-
ferred to one of U\V, no element of N1\M; is preferred to one of PSy(R).
Hence Vs € UM O}, 3¢ € (Up_,Ck) U (UL, C7) such that cPs by Lemma 2.2,
else M(R, X) # (). By Lemma 2.2,¥s € Ny, there exists ¢ € (Up_,C) U (U7, C?)
such that cPs.

For the converse, the conditions imply Vs € PSy(R),3c € PSy(R) such that
¢Ps. Hence no element of PSy(R) is in M (R, X). Thus by Lemma 2.1, M(R, X) =
0. m

Theorem 2.3. If PSy(R) has no cycles, then M (X, R) # 0.

Proof. Suppose that there are no strict preferences among the elements of
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PSn(R). Then by Lemma 2.2, it follows that PSy(R) € M (R, X). Hence M (R, X) #

() in this case. Let @y, ..., @y, be distinct elements of PSx (R) such that @y Pas, as Pas, ..., Gp—1Pay,
is of maximal length. If n = 2, then clearly it’s not the case that a; Pa; or as Pa;.

If n > 3,3a; such that a;Pa, else @ Pas, ..., a;_1 Pa; is a cycle but PSy(R) has

no cycles. By the maximality of n, b € PSy(R) distinct from @;(i = 1, ...,n) such

that bPa;. Hence no element of PS '~ (R) is strictly preferred to @;. Thus a@; is a

maximal element by Lemma 2.2. Hence M(R,X) # 0. m

3.8. A Three-Player Example

Our main conclusion is presented in Theorem 2.2. In all but a limited num-
ber of cases the maximal set is empty if and only if the Pareto set is a union of
cycles or a subset of a union of cycles. We provide a formal proof in the appen-
dix that this theorem and its attendant lemmas can be extended to the spatial
models we presented in the earlier sections of this paper. Those models focused
on a three-player game. In this section, we completely characterize the set of
elements that constitute the exceptions to Theorem 2.2 in a three-player game.
The characterized set is presented in Theorem 3.1.

Let the set of political players be N = {1,2,3} and i = N. Let A A >
T. Define the binary relation R; on A by for all z,y € A,zR;y if and only if

Ai(x) > ﬁl(y) In such a case, we say that x is at least as good as y for player

i. Clearly, R; is reflexive, complete, and transitive. Now xP;y < xR;y and not
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yRx & gz(x) > gi(y) In such case, we say that z is strictly preferred to y by
player 1.

We now cousider our application area. Let the set of players N = {1,2 3}
and associate the fuzzy subsets A; of A with i for i = 1,2,3. Let R; be defined in
terms of Zz as above, i = 1,2,3. Let R denote the set of all reflexive, complete,
and transitive binary relations on A; R? the set of all ordered triples of elements of
R;’and B the set of all reflexive and complete binary relations on R. Define simple
majority rule f : R3 — B as follows: Vp = (Ry, Ra, R3),V(z,y) € Ax A, (2,y) €
f(p) if and only if [{i € N|zR;y}| > 2. Then (z,y) € f(p) and not (y,z) € f(p) &
[{i € NjzR;y}| > 2 and {i € N|yR;z}| <1 |{i € N|zPy}| >2. Let R = f(p).

Definition 3.1. (Austen-Smith and Banks, 2005, p. 7) Define the Pareto

set at R, PSy(R), to be the set

PSN(R) = {z € AVw € A,w # x,3 € N,wPiz = 3j € N, zP;w}.

An alternative x is in the Pareto set if whenever a player strictly prefers an
alternative w to x, then there is a player who strictly prefers x to w. Any effort
by the group to choose other than an alternative in the Pareto set will leave at
least one player worse off. Note that the Pareto set is not determined by majority
rule but rather by unanimity. Clearly, PSy(R) = {z € AVw € A,w # z,3i €

N, Ay(w) > Aj(z) = 35 € N, Aj(x) > Aj(w)}.
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Let T 3 denote the set of all ordered triples of elements from 7.

Definition 3.2. Define f* : A — T3 by Va € A, f*(z) = (r,s,t), where

r=vi{aeT|ze A}, s = Vv{be T|z € A5},t = V{c € T|x € AS}.

Then (r, s, t) is called the assignment of « with respect to ;11, EQ, ﬁj An element
(a,b,c) of T3 is called allowable with respect to Ay, Ay, As if there exists z € A
such that f*(z) = (a,b,¢). Let X denote the set of all allowable elements of T
with respect to ;11, ﬁg, gg,

In Definition 3.2, it is clear that = € A7 N ,Z; N gé It is also clear that for
st €T withr <1/ s <s,t<t,itis not the case that z € A} N A3 mﬁg’ if
any of the inequalities are strict.

The following results show that the main results, which are determined in 72,
can be transferred faithfully to A via the function f* of A into T°.

Definition 3.3. Define the binary relation R on T as follows: V(a, b, ¢), (d, e, f) €
T3, (a,b,c)R(d,e, f) if and only if either a > d,b > eora >d,c> forb>e,c > f.

Define the binary relation P on T° by V(a, b, c), (d,e, f) € T3,

(a,b,c)P(d,e, f) if and only if (a,b,c)R(d, e, f) and not (d,e, f)R(a,b,c).

Proposition 3.1. Let R and P be defined as in Definition 3.3. Then V(a, b, ¢), (d, e, f) €
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T3

(a,b,c)P(d,e, f) if and only if a > d,b >eora>d,c> forb>ec>f.

Proof. It follows easily that R is complete. Thus V(a, b, c), (d, e, f) € T3, (a,b,c)P(d, e, f)
if and only if not (d, e, f)R(a,b,c). Now not (d, e, f)R(a,b,c) < not (d > a,e >b
ord>a,f>core>b,f>c)< (not (d>a,e>b)and not (d>a,f > c) and
not (e >b,f > ¢)) < (not d > a or not e > b) and (not d > a or not f > ¢) and
(not e>bornot f >c)< ((a>dorb>e)and (a>dorc> f)and (b>eor
c>f)ea>db>eora>dc>forb>ec> f. Hence the desired result
holds. m

Definition 3.4. Define the binary relation R on A as follows: Vz,y € A, mﬁy
if and only if (a,b,c)R(d, e, f), where (a,b,c) and (d,e, f) are the assignments of
x and y, respectively, with respect to ﬁl, 112, ;13. Define the binary relation P on
A by Va,y € A, 2Py if and only if 2Ry and not yRz.

The following result is an easy consequence of the definitions. It makes the
connection between strict preference in A and strict preference in T3.

Proposition 3.2. For all =,y € A, xﬁy if and only if (a,b,c)P(d, e, f), where
(a,b,c) and (d, e, f) are the assignments of = and y, respectively, with respect to
Ay, Ay, As.

Let 2,y € A. Let (a,b,c) = f*(z) and (d,e,f) = f*(y). Then zRy <
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F*@)Rf*(y) & (a,b,c)R(d,e, f) & Ai(x) > Ai(y), As(z) > Ax(y) or Ay(x) >
Kl(y), Avg(.%‘) > gg(y) or AVQ(Q?) > ﬁg(y), Zg(x) > gg(y) & vRyy, xRoy or zR1y, T R3y
or xRoy, xR3y < xﬁy Thus R and R are the equivalent. (This argument shows

that f* is a homomorphism as defined in the appendix.) It also follows that

PSy(R) = {(a,b,c) € fr(A)NV(d,e, f) € ff(A),a<d=b>eorc>f

andb < e=a>dorc>fandc< f=a>dorb>e}.

Thus we see that the preimage of PSy(R) under f* equals PSy(R).

Let U = T3, where T = {0,.25,.5,.75,1}. The partial order < on T is defined
by V(a1, as,as3), (b1, ba,b3) € R"™, (a1, az2,a3) < (by,be, b3) if and only if a; < b; for
i1 =1,2,3. Then (a1, az2,a3) < (b1, ba, bs) if and only if (a1, as, as) < (b1, ba, bg) and
a; < b; for some i = 1,2, 3. For conditions (1) — (6) in Section 3.1, the relations R;
are defined as follows: V(a1,as,as), (b1, be,b3) € T3, (a1, az, a3)R;(by, b, b3) if and
only if a; > b;,3 = 1,2, 3. It follows easily that conditions (1) — (6) hold. (Suppose
f*: A — T3 is such that for x,y € A, f7(z) = (a1, a2,a3) and f}(y) = (b1, ba, b3).
Then for i = 1,2,3, f* ()R, f(y) <= (a1,a2,a3)R;(b1,b2,b3) <= a; > b, <

A;(z) > Ai(y) < zR;y. Thus [ satisfies the properties in Theorem A.3 of the

appendix.) Hence the results of Sections 1 and 2 hold here.
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Lemma 3.1. Let

Ny ={(a,b,¢)|a,b,c €{0,.25}}U{(0,0,a)|a € T}U{(0, a,0)|a € T}U{(a,0,0)|a € T}

and

Ny = {(d,e, f)ld,e, f € {.75,1}}U{(1, 1, a)|a € T}U{(1,a,1)[a € T}U{(a,1,1)[a € T}.

Let (x,y,2) € T3. Then there does not exist a cycle in T° containing (x,y, 2) if
and only if (x,y,z) € Ny U Na.

Proof. Let T € N,. If 3y € T3 such that § Pz, then Z is not in a cycle. If there
exists 7 € T2 such that FPT, then two of the components of 7 equal 1. Thus there
does not exist Z € T2 such that ZP7. Hence T is not in a cycle. Let T € Ny. If
#5 € T3 such that TP, then T is not in a cycle. If there exists 7 € T° such that
TPy, then two components of 7 equal 0. Hence there does not exist Z € T° such
that yPz. Thus T is not in a cycle.

We complete the proof by showing any other element of T3 is in a cycle. Con-
sider (a, b, ¢), where a, b, ¢ are pairwise distinct, say a < b < ¢. Then {(¢, a,b), (b, ¢, a), (a,b,c)}
is a cycle. Suppose a = b = c¢. Then the previous paragraph shows that a = b =
¢ =.5. Clearly {(.75,0,.75), (.5,.5,.5), (.25,.25,1)} is a cycle. Suppose exactly two

of a,b,c are equal, say a = b. There are 10 remaining elements (a, a,c) and their
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permutations (a, ¢, a), (¢, a,a). It suffices to consider the 10 elements,

(.5,.5,0), (.5,.5,.25), (.5, .5,.75), (.5, .5,1),
(.25,.25,.5), (.25, .25, .75), (.25, .25, 1),

(.75,.75,0), (.75, .75, .25), (.75, .75, .5).

The following are cycles involving the 10 elements or permutations of the elements:

{(0,.75,.75), (.5, .5,0), (.25,.25, 1)}, {(0, .75, .5), (.5, .5, .25), (, 25, .25, .75)},
{(0,.75,1), (5,.5,.75), (.25,1,.25)}, {(.75, .75, ¢), (.5, .5, 1), (.25, 1,.75)},

{(.5,.5,0), (.25, .25, .5), (.75,0,.25)},

where ¢ =0,.25 or .5. =

Let Nj = {(.25,.25,.25), (.25, .25,0), (.25,0, .25), (0,.25,.25)} and I; = {(1,0,0),(0,0,1),(0,1,0)}.
We can now state our main conclusion, which lays out the conditions under
which a maximal set is empty in fuzzy three-player spatial models.
Theorem 3.1. M(R,X) = ) if and only if PSy(R) = (Up_,Cy) U (UL, C)) U
Ny'UIj, where Ny C Ni, I] C Iy, Cy, are cycles, k = 1,..,n, C} are subsets of cycles
which are not themselves cycles, j = 1,...m, and
(1)Vs € UJL, %, there exists ¢ € (Up_,Cx) U (U7, C7) such that ¢Ps,

(2)Vs € Ny’ there exists ¢ € (Up_,C) U (UJL;C}) such that ¢P5 and
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(3)Vi € I7,3d € (Up_,Cr) U (UfL,C%) U Ny’ such that dPi.

Proof. By Lemma 3.1, it follows that PSx(R) C (Up_,C) U (UJL;C;) U N1 U No.
Since no element of ({(0,0,a)|la € T} U{(0,a,0)|a € T} U{(a,0,0)|a € T})\I; can
be in PSx(R) and since no element of N1\(NjUI) can be in PSy(R), PSy(R) C
(Up=1Ck) U(UJL,C%) U Ny U T U Na. Hence it follows that PSy(R) = (Up_,Ck) U
(UjL,C%) U NY' U I1 U Ny for certain cycles Ck, k = 1,...,n,C;} subsets of cycles
which are not themselves cycles, j = 1,...,m, and for some Ny C Nj,I] C I, and
N} C N,

Suppose M(R,X) = ). By Lemma 2.1, PSy(R) = (Uj_,Ck) U (UjL,C%) U
N{'UI{, i e, Nj=0.If 5 € Ny is such that SP¢ for some ¢ € PSy(R), then two
of the components of ¢ equal 0 and so ¢ € I]. Thus no element of N; is strictly
preferred to one of (Up_;Cy) U (UTL,CY). No element of I7 is strictly preferred
to any element of PSx(R). Hence Vs € UT2,C7, 3¢ € (Up_,C) U (UJL,C}) such
that ¢Ps by Lemma 2.2 else M (R, X) # (. By Lemma 2.2, Vs € Ny there exists
¢ € (Up_, Cr)U(UTL, CY) such that ¢P5 and Vi € 11, 3d € (Up_; Cx)U(UTL, C})UNY
such that dPi.

For the converse, the conditions imply Vs € PSy(R),3¢ € PSn(R) such that
¢P3. Hence no element of PSy (R) is in M (X, R). Thus by Lemma 2.3, M (R, X) =
0. m

We can have (Up_,Cx) N (UJL;C}) = 0 in Theorem 3.1 by deleting any element

5 € (Up21Ck) N (UL, C)) from UL, C since 5 is in some Cj. Also any elements
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of UL, C} that form a cycle can be removed from U2 ;C?% and moved to Uj_; Cj,

since they form a cycle.

Example 3.1. Let PSy(R) = CU{(.75,.75,.75)}, where C' = {(1,.5,0),(.5,0,1),(0,1,.5)}.
Then C is a cycle. Thus M(R,X) N PSy(R) = {(.75,.75,.75)}. Tt is easily ver-
ified that M(R,X) = {(.75,.75,.75, (.75,.75,.5), (.75, .5, .75), (.5, .75, .75)}. Here

M(R,X) ¢ PSx(R).

Example 3.2. Let PSy(R) = CU{(.75,.75,.75)}, where C = {(1,.75,0), (.75,0,1),(0,1,.75)}.
Then C'is a cycle. Thus M (R, X)NPSy(R) = {(.75,.75,.75)}. It is easily verified

that M (R, X) = {(.75,.75,.75}. In this example, M (R, X) C PSy(R).

4. Implications

Under an assumption of sincere voting, crisp spatial models can only avoid
cycling when Plott’s (1967) radial symmetry obtains. If sophisticated voting is
assumed, crisp spatial models must resort to either the uncovered set or imposition
of a set of highly restrictive assumptions. Fuzzy spatial models can predict a
maximal set under far less restrictive conditions. They can also deal with irregular
shaped preferences, which standard mathematical approaches can only do with
substantial difficulty. Theorem 2.2 establishes that in all but a limited number of
cases the maximal set is empty if and only if the Pareto set is a union of cycles

or a subset of a union of cycles. Hence, if the elements in the Pareto set cycle
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under majority rule or if they constitute a subset of a cycle under majority rule,
the maximal set is empty; and vice versa. Moreover, Theorem 2.3 establishes that
for the maximal set to be empty, the Pareto set must contain at least one complete
cycle.

Furthermore, we have demonstrated that if the maximal set exists, at least one
of its elements must be contained in the Pareto set (Lemma 2.1). If an element
in the Pareto set can not be majority defeated by any other element in the Pareto
set, then it is an element in the maximal set. However, if every element in the
Pareto set can be majority defeated by at least one other element in the Pareto
set, then the maximal set is empty. Moreover, if an element in the Pareto set
can be majority defeated by any element in the total set of available alternatives
then at least one of the elements that defeats it must be in the Pareto set (Lemma
2.3). The implication is that we may confine our initial search for the existence
of a maximal set to the Pareto set. Moreover, Theorem 2.1 makes it clear that
the elements in the Pareto set that are also contained in the maximal set define
any remaining elements in the maximal set.

Theorem 2.2 can be applied to any n-player game (n > 2). Theorem 3.1
completely characterizes the limited cases that constitute the exceptions for a
three-player game. While none of the following seven distinct elements are ever
part of any cycle, if they are part of the Pareto set togther with a cycle or a subset

of a cycle, and they are defeated by at least one other element in the Pareto set,
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then the maximal set is empty.

{(.25,.25,.25), (.25, .25,0), (.25, 0, .25), (0, .25, .25),

{(1,0,0),(0,0,1),(0,1,0)}.

If they are not defeated by at least one other element in the Pareto set or if
they uniquely comprise the Pareto set, then they are elements in the maximal
set. The first four elements represent a situation in which the players’ preferences
intersect at the lowest a—level possible. In the most trivial case, represented by
{(1,0,0),(0,0,1),(0,1,0)}, the preferences of three players do not intersect at any
a—level. In this case, the Pareto set and maximal set comprise the same three
alternatives (the "ideal" points of the players).

Furthermore, if any of the following elements are in the Pareto set, a maximal

set always exists:

{(1,L,a),(1,0a,1),(a,1,1),(1,.75,.75), (.75,1,.75), (.75, .75, 1),

(.75,.75,.75)}, where a is any element of T.

In essence, if the preferences for all three players intersect at relatively high
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a—levels or at a—level = 1 (the ideal region of alternatives) for any two of them,
a maximal set exists.

The fuzzy approach commends itself for use in a great many spatial models in
political science. In fact, the assumptions of fuzzy set theory are far closer to the
human reality than those of the conventional crisp set approach. Fuzzy set theory
permits models to deal with a substantial degree of indifference. This indiffer-
ence over a large set of options is not related to the uncertainty that actors have
over their own ideal position or those of others. A number of approaches have al-
ready been developed that permit researchers to deal with incomplete information.
Rather, it concerns political actors’ ambiguity about their ideal policy positions.
Actors may be certain of the general area within which their policy positions lie
without being able to identify an exact location. Such ambiguity or vagueness, as
opposed to uncertainty, seems to us to be far more likely in politics than a strict
assumption that reduces the set of ideal policy positions to a single alternative.
When such is the case, scholars should consider using a fuzzy approach to spatial

modeling.
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5. Appendix

We demonstrate that our formal proofs are relevant to spatial models by carry-
ing the results determined in n-player games back to R*2. We accomplish this by
defining an appropriate function f* from A into X. (The results obtained can be
applied to T™ where n denotes the number of players.) Let A denote the region of
interest and X the region in which A is mapped by the homomorphism f*. The
following formal discussion shows that the results determined in X concerning the
maximal set can be transferred faithfually back to A.

Let R be a binary relation on a set A. The pair (A, E) is called a relation

space.

Definition A.1. Let (A, R) and (X,R) be relation spaces. Let f* be a
function of A into X. Then f* is called a homomorphism of (A, R) into (X, R)
ifVa,b € A, (a,b) € Rifand only if (f*(a), f*(b)) € R.If f* maps A onto X, we say
f* maps (A, R) onto (X, R). For all (a,b) € R, we write f*((a,b)) = (f*(a), f*(b))

and f*(R) = {(f*((a,1))|(a,}) € R}.

Let f* be a homomorphism of (A, R) into (X, R). Then Va,b € A, (a,b) € R
if and only if (f*(a), f*(b)) € R. Thus if a,a’,b,b' € Aand f*(a) = f*(d’), f*(b) =

F*(V), it is not possible that (a,b) € R and (/') ¢ R.

Proposition A.1. Let f* be a homomorphism of (A, E) onto (X, R). Then

f*(R) = R.
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Proof. Clearly, f*(ﬁ) C R. Let (z,y) € R. Since f* maps A onto X, there
exists a,b € A such that f*(a) =« and f*(b) = y. Thus (z,y) = (f*(a), f*(b)) =

f*((a,b)) € f*(R). =

Proposition A.2. Let f* be a homomorphism of (A, R) onto (X, R). Then
Va,b € A, (a,b) € P if and only if (f*(a), f*(b)) € P.
Proof. Let a,b € A. Then (a,b) € P < (a,b) € R, (b,a) ¢ R < (f*(a), f*(b) €

R, (f*(a), (b)) ¢ R < (f*(a), f*(b)) € P. =

Theorem A.l. Let f* be a homomorphism of (A, R) onto (X,R). Then
FH(M(R,A)) = M(R, X).
Proof. a € M(R,A) < Vb € A,aRb < Yf*(b) € X, f*(a)Rf*(b) & f*(a) €
M(R,X), where the latter equivalence holds since f* maps A onto X. Thus
if f*(a) € f*(M(R,A)), then a € M(R, A). Hence f*(a) € M(R,X). Thus
f*(M(R,A)) C M(R,X).Letz € M(R, X). ThenVy € X,zRy. Let a € Abe such
that f*(a) = «. Let b € A. Then f*(a)Rf*(b) since x = f*(a) and z € M (R, X).
Hence aRb by Definition A.1. Thusa € M (R, A) andsoz = f*(a) € f*(M(R, A)).

Thus M (R, X) C f*(M(R, A).

Let (A, ]%Z) be a relation space, i = 1,...,n. Let f* be a homomorphism of
(.A,RL-) onto (X, R;),i = 1,...,n. Then R; = fl*(ﬁz), ¢ = 1,...,n by Proposition

Al m

Definition A.2. Let f be an aggregation rule on (A, (R, .. Ry)) and let f
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be an aggregation rule on (X, (R, ..., Ry)). Let f be a homomorphism of (A, fiz)
onto (X, R;), i =1,...,n. Let f* be a homomorphism of (A, f((él,,én))) onto
(X, f((Ry, ..., Ry))). Then f* is said to preserve the pair (f, f) with respect

t0 (ff, f) i £ (F(R1, ey Bi)) = F((Ry, o Rn)).

Theorem A.2. Let f be an aggregation rule on (A, (Ry,...,Ry)) and let f be
an aggregation rule on (X, (Ry,...,Ry)). Let f* be a homomorphism of (A, El)
onto (X,R;), i = 1,..,n. Let f* be a homomorphism of (A,f((él,,én)))
onto (X, f((Ry,...,Ry))) such that f* preserves (f,f) w.r.t. (ff, s f). Then
F*(PSn(R)) = PSx(R), where R = f((Ri,..., Ry)) and R = f((R1, ..., Rn)).
Proof. a ¢ PSN(]?B) < Vbe A (Ji €N, bPa = 3j € N,aPb). Suppose f*(a) €
f*(PSy(R)). Then a € PSy(R) by definition of a homomorphism. Hence
f*(a) € PSy(R). Thus f*(PSy(R)) C PSy(R). Let = € PSy(R). Let y € X.
If 3i € N such that yPz, then 35 € N such that xP;y. Let @ € A be such that
f*(a) = z. Let b € A. Then f*(b)P;f*(a) < bP;a and f(a)Pjf*(b) & aﬁjb. Thus
if 3i € N such that bP;a, then 37 € N such that algjb. Thus a € PSN(R) and so

z = f*(a) € f*(PSn(R). Hence PSy(R) C f*(PSx(R). m

Theorem A.3. Let f be an aggregation rule on (A, (ﬁl, ,En)) and let f
be an aggregation rule on (X, (Ry, ..., Ry)). Let f7 be a homomorphism of (A, R;)
onto (X, R;), i =1,...,n. Let f* be a homomorphism of (A, f((ﬁl, ,En))) onto

(X, f((Ry,..., Ry))) such that f* preserves (f, f) w.r.t. (ff,.... f). If f is a simple
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majority rule, then f is a simple majority rule.
Proof. Since by Proposition A.2,Ya,b € A, (a,b) € P, if and only if (f*(a), f*(b)) €
Pyi=1,...,n, it follows that | P(a, b; f((R1, .., Bx)))| = [P(f*(a), £*(0)); F((Ry, s Bn)))I-

The desired result now follows. m



37

References

Arrow, Kenneth. Social Choice and Individual Values. New York: Wiley, 1951.

Austen-Smith, David and Jeffrey S. Banks. Positive Political Theory I: Collective

Preference. Ann Arbor: University of Michigan Press, 1999.

Austen-Smith, David and Jeffrey S. Banks. Positive Political Theory II: Strategy

and Structure. Ann Arbor: University of Michigan Press, 2005.

Axelrod, Robert. Conflict of Interest: A Theory of Divergent Goals with Applica-

tions to Politics. Chicago: Markham Publishing Company, 1970.

Balke, Wolf-Tilo, Ulrich Guntzer and Wolf Siberski. “Exploiting Indifference for
Customization of Partial Order Skylines.” 10th International Database Engi-

neering and Applications Symposium, 2006.

Bianco, William T. Ivan Jeliazkov, and Itai Sened. “The Uncovered Set and the

Limits of Legislative Action.” Political Analysis 12.3 (2004): 256-276.

Black, Duncan. The Theory of Committees and Elections. Cambridge: Cambridge

University Press, 1958.

Bordes, Georges A., Michel Le Breton, and M. Salles. “Gillies and Miller’s Sub-
relations of a Relation over an Infinite Set of Alternatives: General Results;
and Applications to Voting Games.” Mathematics of Operations Research 17.3

(1992): 509-518.



38

Brauninger, Thomas. “Stability in Spatial Voting Games with Restricted Prefer-

ence Maximizing.” Journal of Theoretical Politics 19.2 (2007): 173-191.

Buchanan, James M. and Gordon Tullock. The Calculus of Consent. Ann Arbor:

University of Michigan Press, 1962.

Buckley, James J. and E. Eslami. "Fuzzy plane geometry I: Points and lines."

Fuzzy Sets and Systems 86 (1997): 179-187.

Buckley, James J. and E. Eslami. "Fuzzy plane geometry II: Circles and polygons."

Fuzzy Sets and Systems 87 (1997) 79-85.

Cioffi-Revilla, Claudio A. "Fuzzy Sets and Models of International Relations."

American Journal of Political Science 25.1 (1981): 129-159.

Clark, Terry D., Jennifer M. Larson, John N. Mordeson, Joshua D. Potter, and
Mark J. Wierman. Applying Fuzzy Mathematics to Formal Models in Compar-

ative Politics. Berlin: Springer-Verlag, 2008.

De Swaan, Abram. Coalition Theories and Cabinet Formations. San Francisco:

Jossey-Bass, Inc.,Publishers, 1973.

Dodd, Lawrence C. Coalitions in Parliamentary Governments. Princeton: Prince-

ton University Press, 1976.

Downs, Anthony. An Economic Theory of Democracy. NY: Harper and Row Pub-

lishers, 1957.



39

Dubois, Didier and Henri Prade. “On distances between fuzzy points and their
use for plausible reasoning.” Proceedings of the International Conference on

Systems Man Cybernet, 1983, pp. 300-303.

Ehlers, Lars and Salvador Barbera. “Free Triples, Large Indifference Classes
and the Majority Rule.” Université de Montréal, Département de sciences

économiques working paper, 2007.

Enelow, James M., and Melvin J. Hinich. “On Plott’s Pairwise Symmetry Condi-

tion for Majority Rule Equilibrium.” Public Choice 40.3 (1983): 317-321.

Gehrlein, William V.; Valognes, Fabrice. “Condorcet Efficiency: A Preference for

Indifference.” Social Choice & Welfare 18.1 (2001): 193-205.

Guerdjikova, Ani and Alexander Zimper. “Flexibility of choice versus reduction of

ambiguity.” Social Choice & Welfare 30.3 (2008): 507-526.

Koehler, David H. “Convergence and Restricted Preference Maximizing under
Simple Majority Rule: Results from a Computer Simulation of Committee

»

Choice in Two-Dimensional Space.” The American Political Science Review

95.1 (2001): 155-167.

Koenig-Archibugi, Mathias. "Explaining Government Preferences for Institutional
Change in EU Foreign and Security Policy." International Organization 58.1

(2004): 137-174.



40

Kuroki, N. and John N. Mordeson. "Structures of rough sets and rough groups."

Journal of Fuzzy Mathematics 5 (1997): 183-191.

Kuroki, N. and John N. Mordeson. "Successor and source functions." Journal of

Fuzzy Mathematics 5 (1997): 173-182.

Laver, Michae, ed. Estimating the Policy Position of Political Actors. London:

Routledge, 2001.

Laver, Michael and Kenneth A. Shepsle. Making and Breaking Governments: Cab-
inets and Legislatures in Parliamentary Governments. Cambridge: Cambridge

University Press, 1996.

Malik, Davendar and John N. Mordeson. "Structure of upper and lower approxima-
tion spaces." In T.Y. Lin, Y.Y. Yao, and Lotfi A. Zadeh (Eds.), Data Mining,
Rough Sets, and Granular Computing, pp. 461-473. Berlin: Physica-Verlag,

2002.

McKelvey, Richard D. "Covering, Dominance, and Institution-Free Properties of

Social Choice." American Journal of Political Science 30.2 (1986): 283-315.

McKelvey, Richard D. “General Conditions for Global Intransitivities in Formal

Voting Models.” Econometrica 47.5 (1979): 1085-1112.

McKelvey, Richard D. “Intransitivities in Multidimensional Voting Models and



41

Some Implications for Agenda Control.” Journal of Economic Theory 12.3

(1976): 472-482.

Miller, Nicholas R. "A New Solution for Tournaments and Majority Voting: Fur-
ther Graph-Theoretical Approaches to the Theory of Voting." Amerian Journal

of Political Science 24.2 (1980): 63-96.

Miller, Nicholas R. "In Search of the Uncovered Set." Political Analysis 15.1

(2007): 21-45.

Mordeson, John N. "Algebraic properties of lower approximation spaces." Journal

of Fuzzy Mathematics 7 (1999): 631-637.

Mordeson, John N and Premchand S. Nair. "Successor and source functions of
(fuzzy) finite state machines and (fuzzy) directed graphs." Information Sci-

ences 95 (1996): 113-124.

Penn, Elizabeth Maggie. "Alternate Definitions of the Uncovered Set and Their

Implications." Social Choice and Welfare 27.1 (2006): 83-87.

Pennings, Paul. "Beyond Dichotomous Explanations: Explaining Constitutional
Control of the Executive With Fuzzy-sets." European Journal of Political Re-

search 42.4 (2003): 541-568.

Plott, Charles R. “A Notion of Equilibrium and Its Possibility under Majority

Rule.” American Economic Review 57 (1967): 787-806.



42

Ragin, Charles C. The Comparative Method: Moving Beyond Qualitative and

Quantitative Strategies. Berkeley: University of California Press, 1987.

Ragin, Carles C. Fuzzy-Set Social Science. Chicago: University of Chicago Press,

2000.

Riker, William H. “Implications from the Disequilibrium of Majority Rule for the
Study of Institutions.” American Political Science Review 74.2 (1980): 432-

446.

Riker, William H. The Theory of Political Coalitions. New Haven: Yale University

Press, 1962.

Robertson, John D. "Economic Polarization and Cabinet Formation in Western

Europe." Legislative Studies Quarterly 11 (1986): 533-549.

Sanjian, Gregory S. "Arms and Arguments: Modeling the Effects of Weapons
Transfers on Subsystem Relationships." Political Research Quarterly 54.2

(2001): 285-309.

Sanjian, Gregory S. "Cold War Imperatives and Quarrelsome Clients: Modeling
U.S. and USSR Arms Transfers to India and Pakistan." The Journal of Conflict

Resolution 42.1 (1998): 97-127.

Sanjian, Gregory S. "A Fuzzy Set Model of NATO Decision-Making: The Case



43

of Short Range Nuclear Forces in Europe." Journal of Peace Research 29.3

(1992): 271-85.

Sanjian, Gregory S. "Fuzzy Set Theory and U.S. Arms Transfers: Modeling the
Decision-Making Process." American Journal of Political Science 32.4 (1988):

1018-1046.

Sanjian, Gregory S. "Great Power Arms Transfers: Modeling the Decision-Making
Processes of Hegemonic, Industrial, and Restrictive Exporters." International

Studies Quarterly 35.2 (1991): 173-193.

Sanjian, Gregory S. "Promoting Stability or Instability? Arms Transfers and
Regional Rivalries, 1950-1991." International Studies Quarterly 43.4 (1999):

641-670.

Seitz, Steven Thomas. "Apollo’s oracle: Strategizing for Peace." Synthese 100

(1994): 461-495.

Shepsle, Kenneth A. “Institutional Arrangements and Equilibrium in Multidi-
mensional Voting Models.” American Journal of Political Science 23. (1979):

27-59.

Shepsle, Kenneth A., and Barry R. Weingast. "Uncovered Sets and Sophisticated
Voting Outcomes with Implications for Agenda Institutions." American Jour-

nal of Political Science 28.1 (1984): 49-74.



44

Skog, Ole-Jgrgen. “Volonté Generale’ and the Instability of Spatial Voting

Games.” Rationality € Society 6.2 (1994): 271-285.

Smithson, Michael and Jay Verkuilen. Fuzzy Set Theory: Applications in the Social

Sciences. Thousand Oaks, CA: Sage Publications, 2006.

Taber, Charles S. "POLI: An Expert System Model of U.S. Foreign Policy Belief

Systems." American Political Science Review 86.4 (1992): 888-904.

Tovey, Craig. “The Instability of Instability.” Technical Report NPSOR, vol. 91.15.
Monterey, CA: Department of Operations Research, Naval Postraduate School,

1991.

Tullock, Gordon. “Why So Much Stability?” Public Choice 37.2 (1981): 189-202.

Warwick, Paul V. “Getting the Assumptions Right: A Reply to Laver and Shep-

sle.” British Journal of Political Science 29.2 (1999): 402-412.

Verkuilen, Jay. "Assigning Membership in a Fuzzy Set Analysis." Sociological

Methods and Research 33.4 (2005): 462-496.

Zadeh, Lotfi A. "Fuzzy Sets." Information and Control 8 (1965): 338-353.



